MOTIVIC ZETA FUNCTIONS FOR CURVE SINGULARITIES 



J. J. MOYANO-FERNANDEZ AND W. A. ZUNIGA-GALINDO 

Abstract. Let X be a complete, geometrically irreducible, singular, algebraic 
curve defined over a field of characteristic p big enough. Given a local ring 
Cp.Jt at a rational singular point P oi X, we attached a universal zeta func- 
tion which is a rational function and admits a functional equation if Op.x 
is Gorenstein. This universal zeta function specializes to other known zeta 
functions and Poincare series attached to singular points of algebraic curves. 
In particular, for the local ring attached to a complex analytic function in two 
variables, our universal zeta function specializes to the generalized Poincare 
series introduced by Campillo, Dolgado and Gusein-Zade. 



1. Introduction 

Let X be a complete, geometrically irreducible, singular, algebraic curve de- 
fined over a finite field ¥q. In [29j the second author introduced a zeta function 
Z{Ca{X),T) associated to the effective Cartier divisors on X. Other types of zeta 
functions associated to singular curves over finite fields were introduced in '15], 
[IB] . [H], [15], [S]- The zeta function Z(Ca(X),r) admits an Euler product with 
non-trivial factors at the singular points of X. If P is a rational singular point 
of X, then the local factor ZQ^(^x){T,q,Op^x) at P is a rational function of T 
depending on q and the completion Op^x of the local ring Op^x of X at P. If the 
residue field of Op^x is not too small, then Zca(x) [T, q, Op^x) depends only on the 
semigroup of Op^x (see [2S Theorem 5.5]). Thus, if Op^x = FJx, y]/ (/(x, y)), 
then ZQg^(^x)iT,q,Op^x) becomes a complete invariant of the equisingularity class 
of the algebroid curve Op^x (see [4], [26], [2H])- Motivated by [12], in [30] the second 
author computed several examples showing that limg^i Zca(x)(^j 9j C'p.x) equals 
the zeta function of the monodromy of the (complexification) of / at the origin (see 
[1], and the examples in Section [9]). This paper aims to study this phenomenon. 

By using motivic integration in the spirit of Campillo, Delgado and Gusein- 
Zade we attach to a local ring Op^x of an algebraic curve X a 'universal zeta 
function' (see Definition [5l Theorem [l] Definition [8]) . This zeta function special- 
izes to ZQg^(^x){T,q, Op,x) (see Lemma [7] and Theorem [3]). We also establish that 
limq_,i •^ca(jf)(^! 9: ^P,x) equals to a zeta function of the monodromy of a reduced 
complex mapping in two variables at the origin (see Theorem[3]). A key ingredient is 
a result of Campillo, Delgado and Gusein-Zade relating the Poincare series attached 
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to complex analytic functions in two variables and the zeta function of the nion- 
odromy (see 4 , and Theorem [2|). From the point of view of the work of Campillo, 
Delgado and Gusein-Zade, this paper deals with Poincare series attached to local 
rings Op^x when the ground field is big enough (see Lemma |4]). In particular, for 
the local ring attached to a complex analytic function in two variables, our universal 
zeta function specializes to the generalized Poincare series introduced in [7], and 
then a relation with the Alexander polynomial holds as a consequence of [5]. We 
also obtain explicit formulas that give precise information about the degree of the 
numerators of such Poincare series and functional equations (see Theorem 2] and 
the corollaries following it). Our results suggest that the factor ^ca(x)(2^: 9i ^p,x) 
is the 'monodromy zeta function of Op^x^- In order to understand this, we believe 
that a cohomological theory for the universal zeta functions should be developed. 

Finally, we want to comment that the connections between zeta functions in- 
troduced here and the motivic zeta functions of Kapranov |18| and Baldassarri- 
Deninger-Naumann [3j are unknown. However, we believe that the zeta functions 
introduced here are factors of motivic zeta functions of Baldassarri-Deninger-Nau- 
mann type for singular curves. In a forthcoming paper the authors plan to study 
this connection. For a general discussion about motivic zeta functions for curves 
the reader may consult [2, and the references therein] and ^13J. 

Acknowledgement. The authors wish to thank the referee for his or her useful 
comments, which led to an improvement of this work. 



2. The Semigroup of Values of a Curve Singularity 

Let X be a complete, geometrically irreducible, algebraic curve defined over a 
field k, with function field K/k. Let X be the normalization of X over k and let 
TT : X ^ X he the normalization map. Let P G X be a closed point of X and 
Op = Op,x the local ring of X at P. Let Qi, . . . , Qd be the points of X lying over 
P, i.e., TT^^ (P) ~ {Qi, . . . , Qrf}, and let Oq^ , . . . , Oq^ be the corresponding local 
rings at these points. Since the function fields of X and X are the same, and X is 
a non-singular curve, the local rings Oq^, . . . , Oq^ are valuation rings of K/k over 
Op. The integral closure of Op in K/k is Op = Oq^ n . . . fl Oq^. 

Let Op be the completion of Op with respect to its Jacobson ideal, and let Op 
be, respectively Oq. for i = 1, . . . , d, the completion of Op, respectively of Oq. 
for i = 1, . . . , d, with respect to the topology induced by their maximal ideals. We 
denote by Bp , j = 1, . . . , c?, the minimal primes of Op. Then we have the following 
diagram: 

Op ^ Oq, X . . . X Oq, 

I I 

Op if dg(i) X ... X 6^(d) , 

where (f is the diagonal morphism. Since Op is a reduced ring (cf. [HI Theorem 1]) 
and [171 proof of Satz 3.6]), (p is one to one. Thus we have a bijective correspondence 
between the Oq. 's and Og{i) 's. We call the rings O^w the branches of Op. By the 

Cohen structure theorem for complete regular local rings, each Oq. is isomorphic 
to fcipiJi i — ^, ■ ■ ■ ,d, where ki is the residue field of Oq. . 
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We will say that Op is totally rational if all rings Oq-, for i — I, . . . , d, have k 
as residue field. 

From now on we assume that Op is totally rational ring and identify Op with 
if (Op)- Let Vi denote the valuation associated with Oq., i — 1, . . . ,d. By using 
these valuations we define viz) — (vi (zi) ,Vd {zd)), for any non-zero divisor 

z = (zi, . . .,zd) e Op. 

The semigroup S of values of Op consists of all the elements of the form v (z) = 
{vi (zi) , . . . ,Vd [zd)) G N'^ for all the non-zero divisors z £ Op. Observe that, by 
definition, the semigroup of Op coincides with the semigroup of values of Op. 

We set z = t^ij. {tl\ . . . ^t""/) {in, . . . , ^Xd) = ■ • ■ , ^d'A^d), with ^ = 

(/ii, . . . , lid) G Op. With this notation, the ideal generated by a non-zero divisor of 
Op has the form i— Op, for some n € N'^. 

We set 1 := (1, . . . , 1) G N"^ and, for n = (ni, . . . , n^) e N'', ||n|| ni + . . . + nd. 
We introduce a partial order in N'', the product order, by taking n > m, if Ui > rrii 
for i = 1, . . . ,d. 

There exists Cp = (ci, . . . ,Cd) G N'^ minimal for the product order such that 
Cp + N'^ C S. This element is called the conductor of S. The conductor ideal Fp 
of Op is t-pOp. This is the largest common ideal of Op and Op. The singularity 
degree Sp of Op is defined as Sp :— dim^ Op/Op < oo (see e.g. [531 Chapter IV]). 
If Op is a Gorenstein ring, the singularity degree is related to the conductor by the 
equahty \\cp\\ = 2dp (see e.g. [231 Chapter IV]). By using the fact that Op/Fp is 
a fc-subalgebra of Op/Fp of codimension 6p, that Op/Fp is a finite dimensional 
/c-algebra, and that Fp is a common ideal of Op and Op, we have 

(2.1) Op = { {YZ^a.,i^^, E,=o«^rf^ji) e Op I A - O} 

where A = denotes a homogeneous system of linear equations involving only a 
finite number of the a^ j . Indeed, 

c,„ = 1 + max {i \ Oi^m appears in A = 0} , 

for m = 1, . . . ,d (see examples in Section |9]). Note that, as a consequence of the 
definition of ip, the relations oq i — ao,2 = . . . = ao.d hold. 

Remark 1 (Conventions and Notation). (1) From now on we will use 'X is an 
algebraic curve over k to mean that X is a complete, geometrically irreducible, 
algebraic curve over k. 

(2) To simplify the notation, we drop the index P, and denote Op by O, Fp by T 
and Op by O = fcpi] x . . . /cltd], O'^d O is a k-vector space of finite codimension 
in O with presentation h2.1\) . We also drop the index P from Cp and dp. 

Remark 2. Let {X,0) C (C^,0) be a germ of reduced plane curve given by f ^ 
for f G O(c2,o); o-n-d let X = UiLi^i with d > 1 be its decomposition into 
irreducible components (or branches) corresponding to f = Y\i=ifi- ^ 
C(x,o) = 0(C2,o)/(/) the ring of germs of analytic functions on X. Let (p-i : 
(C,0) (C^,0) be a parametrization of Xi, i.e., ipi is an isomorphism between 
Xi and C outside of the origin, for i = 1, . . . ,d. Let S{0) := S{f) denote the 
semigroup of O defined by using the parametrizations (ft 's. (For further details, see 
e.g. m)- 
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3. Integration with Respect to the Generalized Euler 

Characteristic 

We denote by Var^ the category of /c-algebraic varieties, and by Kq {Vark) the 
corresponding Grothendieck ring. It is the ring generated by symbols [V], for V 
an algebraic variety, with the relations [V] = [W] if V is isomorphic to W, [V] ~ 
[V\Z] + [Z] if Z is closed in V, and [V x W] ^ [V] [W]. We denote 1 := [point], 
L := [A^] and A4k '■— Kq (Vark) [L^^] the ring obtained by localization with 
respect to the multiplicative set generated by L. 

We define the set of n-jets J| of the local ring O as ^ O/t^+W ^ fcll^+iH. 

The canonical projection O O/t-'^-O is denoted by 7r„. 

Definition 1. A subset X C O = kftij x . . . x kftdj is said to be cylindric if 
X = TT^^ (Y) for a constructible subset Y of J^. 

We note that O and (the group of units of O) are cylindric subsets of O (cf. 



Remark 3. Any constructible subset Y of is defined by a condition that can be 
expressed as a finite Boolean combination of conditions of the form 



where m = llzi + llb the pi (xq, ■ ■ ■ , Xm-i) , q (xq, . . . , Xm~i) are polynomials in 
k [xq, . . . , Xm-i], and I is a finite subset independent of m. We call such a condition 
constructible in J^. Definition]^ means that the condition for a function O to 
belong to the set X is a constructible condition on the n-jet 7r„ (z) of z. 

We present now the notion of integral with respect to the generalized Euler char- 
acteristic introduced by Campillo, Delgado and Gusein-Zade in [7| for the complex 
case (and in 111] for more general contexts). 

Definition 2. The generalized Euler characteristic ( or motivic measure) of a cylin- 
dric subset X Q O, X = Tr~^ (Y"), with Y C constructible, is Xg (^) ■= 

The generalized Euler characteristic Xg {X) is well defined since, \i X = tt"^ iX')i 

Y' C J?^, n ^ m, then y is a locally trivial fibration over Y' with fiber fc'', where 
o 

r = ||2i + 111 - l|2Zi + Ill- 
Definition 3. Let (G, +,0) be an Abelian group, and X a cylindric subset of O. 
A function cf) : O G is called cylindric if it has countably many values and, for 
each a S G, a ^ 0, the set (a) is cylindric. As in |14j . [7] we define 




Udxg = EXg{Xn(^ 1 (a)) ® a, 



X aeG 
a#0 



if the sum has sense in G ®i Mk- In such a case the function (j) is said to be 
integrable over X . 
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Now we give the projective versions of the above definitions which we will 
use later on. For a fc- vector space L (finite or infinite dimensional), let PL = 
{L \ {0}) /k^ be its projectivization, let P'^L be the disjoint union of PL with a 
point (P^L can be identified with L/k^). The natural map PO — > P^ is also 
denoted by 7r„. 

Definition 4. A subset X C FO is said to be cylindric if X = tt^^ {Y) for a 
constructible subset Y ofPJ^ C P^ J^. The generalized Euler characteristic Xg (X) 
ofX IS Xg (X) := [y]L-ll2i+ill e Mk. 

A function (f> : ¥0 ^ G is called cylindric if it satisfies the conditions in Defi- 
nition [3l The notion of integration over a cylindric subset of PC with respect dxg 
follows the pattern of Definition [3] 

Remark 4. Let V be a cylindric subset and a k-vector subspace of O. Let vr be the 
factorization map O \ {0} — > PC, fl : PC G a cylindric function integrable over 
W , and define Q, := o n : O \ {0} G. Then U, is cylindric function integrable 
over V and 

(3.1) jndxg = (L - 1) / ndxg. 

V PV 

The identity follows from the fact that 

Xg (p^^ (a) n = (L - 1) Xg (f^^^ (a) n PV) , for aGG,a^O. 

4. The Structure of the Algebraic Group J 

In this section fc is a field of characteristic zero. The quotient group / {X + ^) 
admits a polynomial system of representatives (gi, . . . , gi, . . . , g^), where gi = 
YTj=o^i-i^{^ with flQ^i e k^ and c = (ci,...,Cd) is the conductor of S. Thus 
(i + •^) can be considered as an open subset of the affine space of dimension 
||c||, this algebraic structure is compatible with the group structure of / (1 + T) 
(cf. [531 Chapter V, Section 14]). Furthermore, 

ova+•^)-(G™)''x(G•a)"^""^ 

as algebraic groups, where Gm = (fc^, •); Ga — {k, +), (cf. [23, Chapter V, Section 
14]). By the previous discussion, the group / {1 + T) is an algebraic subgroup 

of (5^/(1 + jc-). 

We note that every equivalence class in ttc-i (C^) has a polynomial representa- 
tive, and then tTc-i (O^) can be considered an open subset of an affine space, and 
the multiplication in induces a structure of algebraic group in tTc-i (C^)- In 

addition, tTc-i = / (1 + ^), as algebraic groups. 

We set J' := /O^ . Every equivalence class has a polynomial representative 
that can be identified with an element of ~. Each equivalence class depends on S 
coefficients Oij, see p.ip . d — 1 of them run over k^ and the others over k. This set 
of polynomial representatives with the operation induced by the multiplication in 
is a fc-algebraic group of dimension S, more precisely, J' = {Gm)'^~^ x {Ga)^~'^^^ 
(see Theorem 11 and its Corollary], or [23l Chapter V, Section 17]). The group 
J appears in the construction of the generalized Jacobian of a singular curve. 
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Lemma 1. With the above notation the following identities hold: 

(1) [J] = (L-l)''-^L*'-'^+i; 

(2) K-i(O^)] =(L-l)Lll2ll-*-i; 

(3) xa{0'' ) = {1^-1)1^-'-'; 
U) x,(0)=L-^. 

Proof. (1) The identity follows from the fact that J = (k^)''' ^ x k^~'^^^ as algebraic 
variety, (cf. 23, Chapter V, Section 17]). (2) From the sequence of algebraic groups, 

(4.1) 1^0^/(1+^)^0V(1 + -^)^^^1, 



we have h-i(O^)] - [O'- / {1+ T)] - [J] 
follows from (1), since [o'' / (1 + J^)j = (L - I)'' lII^^"-'^ 
follows from (2) by using XgiO"") = [vTc-i )] L-I'^H 



Now, the result 



(3) The third identity 

ic-iy^ )\^ (4) To prove the last 

identity we note that the following exact sequence of (finite dimensional) vector 
spaces 

^ O/T OIT O/O 



implies that [O / T] = O/O O/T 



= lIIsII-^ Therefore 
Xg {O) = [nc-1 {O)] L-ll^ll = [O/T] L-I!£ll = 



□ 



5. Zeta Functions for Curve Singularities 
In this section fc is a field of characteristic p > 0. For n e we set 
Z„ := {/ C O I / = zO, with v{z) ^ n} , 

and for m G N, 

lllill=™ 

Lemma 2. For any n€zS, there exists a bijection an between Xn and an algebraic 
subset (T„ {in) of J , when J is considered as an algebraic variety. Furthermore, if 
n>c, then an {in) = J ■ 

Proof. Let / — zO be a principal ideal I„, with z = /j,, <— = (i"\ . . . ,t^'') and 
IX — {fii, . . . , lid) G O^ . Since fi is determined up to an element of O^, we may 
assume that z — t—iiw, with ji & J and w_€ O^ . Here we identify J with a fixed 
set of polynomial representatives, and thus is one of these representatives. We 
define 

Then cr„ is a well-defined one-to-one mapping. We now show that (t„ (2„) is an 
algebraic subset of whose points parametrize the ideals in Z„. Let fi he a fixed 
element in J', if t—jj, G O, then t—jj. is the generator of an ideal in Xn- The 
condition 't—fi G C is algebraic, see ()2.ip . hence (^n{Xn) is an algebraic subset of 
J . Finally, if n > c, the condition /i G O is always true for any G J^, and then 

CT« {Tn) ^J. □ 
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From now on we will identify In with (T„ {in) ■ 
Since 

Im = ^{neS\\\n\\=m}1ni 

by applying the previous lemma, we have that X,„ is an algebraic subset of J7, for 
any to G N. By using this fact, the following two formal series are well-defined. 

Definition 5. We associate to O the two following zeta functions: 

(5.1) Z(ri, . . . ,T,,0) := E„6S [^ij L-ll^llT^i e X,|Ti, . . . , TJ, 
where T— :— T"^ ■ . . . • T^'', and 

(5.2) z(r,o) :=Z(T,...,r,0). 

Lemma 3. The sets {zeO\y_(z)^n},n&S, and {zeO\ \\y_{z)\\ = k} , k e ^ , 
are cylindric subsets of O. In addition, 

Xa{{z^O\v{z)=n})^[X^ K-i (O" )] L-H^i+^H . 

Proof. Every a; G O, with y_ [x) ~ n, can be expressed as 

X = t-fiw, fie J, we 
= t^fi7r,^i{w) + t^+% yeO. 
Thus X is determined by its n + c jet, which in turn is determined by the condition 

^TTc-l {w) eInX TTc-l (C"" ) , 

which is a constructible one. Therefore {z e O \ v (z) = n}, n G S", is a constructible 
set and 

Xg (k e O I « (z) = n}) = [In X 7r,_i (C^x)] L-H^+^H. 
Finally, G O | ||w (z)|| = fc}, fc G N, is cyhndric, since 

{zeO\ \\viz)\\ = fc} - U{„e5| k e O I i; (^) = n} . 

□ 

Corollary 1. With the above notation the following assertions hold: 

(1) the functions 

TM-)\\ : o Z{Tl 

with rll^fe)ll := 0, if \\viz)\\ = oo, and 

T^(-') : O ^ Z|Ti,...,Tdl 

with T-*---* :— 0, z/ ||w (:z)|| = oo, are cylindric; 

(2) [^e-i [on] L-II^IIZ(Ti, . . . ,Td,0) = JaT^'-^^dxg; 

(3) h-i (O^)] L-ll2llZ(T,0) - /^Tlli^(^)lldx<,. 

Proof. The assertions follow from Definition[3]by applying the previous lemma. □ 

Let J„(0) = {zeO\v{z) ^ n}, for n £ N'' be an ideal. Since JniP) C 
•/n+i (O), they give a multi-index filtration of the ring O. Note that the J™ (O) are 
cylindric subsets of O. As in [7] we introduce the following motivic Poincare series. 
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Definition 6. The generalized Poincare series of a multi-index filtration given by 
the ideals J„ (O) is the integral 

Pg{T,, . . . ,Td,0) := / T^^^^dxg e MklTi, . . . ,T4. 
Jpo 

The generalized Poincare series is related to the zeta function of Definition [5] as 
follows. 

Lemma 4. With the above notation: 

Z{Ti,...,Td,0)^ L^+'P<,(Ti ,...,Td). 
Proof. By Corollary [T] (2), and Lemma[T] (2), 

Z(Ti, . . . , T,, O) = ^ T^-^^^dx, = L'+' j^^ T^-'^^dx,, 

(cf. Remark ID). □ 

We set l{n) :— dinifc O/ Jn (C) and the vector e N'', i = 1, . . . , d, to have all 
entries zero except for the i-th one, which is equal to one. Let /q := {1, 2, . . . , c?}. 
For I Iq, let #/ be the number of elements of /. Let Ij be the element of N*^ 
whose i-th component is equal to 1 or if « G / or i ^ / respectively. Note that 
0= l0 and 1 = 1^^. 

Remark 5. We recall that 

neS dinifc J„ (O) / J„+e, (C) ^ for any i = 1,.. . ,d, 

see e.g. [lOj . Thus, for n g S", and for any fixed e^^^, we have the following exact 
sequence of k-vector spaces: 

O^k^ Jn+e^^^ (O) ^ Jn{0) ^ 0, 

where J„ (O) / Jn+e. (C) — fc- A^ow, if EL ^ H + + X) from the previous exact 
sequence, one gets 

^ fc ^ J„+e^^ (O) /t^+^O ^ J„ (O) /t^+iO 0, 

and hence 

'jn{0) /t^+^o] = L [j„+e.^, (O) /t'-^+^O . 
Proposition 1. [X„] = (L - 1)"^ lH^^H+i J2 {-if^^^ forneS. 

I<ZIo 

Proof. We claim that 
(5.3) 

f L-Xg (j„+,,^ (O)) , if dimfc (j„ (O) /J„+,_^ (0)) - 1; 

[ Xa {Jn+e^„ {O)) , if dimfe (j„ (O) /J„+e.^ (O)) = 0, 

for any e^^. The formula is clear if diuik ^J„ (O) / Jn+e.^^ (C)) = 0, i.e., if Jn{0) = 
J„+e. (O); thus we can assume that dimj, ^J„ (O) I Jn+e ^ (C')j = 1, i.e. n € S. 
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By taking m as in Remark [SJ one gets 

= L • ( J„+e.^ (O)) . 

Now we fix a sequence of tfie form 

= ma ^ nil ^ ■ ■ ^ Ukj ^ ISj+i ^ ■ • • ^ ISfe = 21j 
where IRj+i = IZij + e^. , for j = 0,...,/c — 1. Then by applying (|5.3p we have 

(5.4) Xg(Jn(0)) =L-''^^-X,(0). 

On the other hand, 

Xg i{zeO\ V{Z) = n}) = Xg (^Jn{0) \ yj„+e. (O)) 

= Xg {Jn{0))-Xg(^UJn+e^ (O))- 

Now by using the identities 

Xg({JA^= E i-^f^'^''Xg(f]AX 
\i=l / JC{l,2,...,n} \je./ / 

Jn+e. (0)n...n J„+e. (O) = J„+e. +...+e. (O) , 
— — —ij — — n — 

(|5.4p and Lemma [21 we obtain 

U ||n+c|| / / \ \ 

[TTc-l^C^jJ V /C{1.2,....d} ^ ^/ 

= ^^^(^-"="- S (-!)«'>-' L-'fe^l-)). 

[7rc_i(Ox)J V /c{i,2,...,d} J 

Finally, the result follows from the previous identity by using 
[^c-i (O^)] = (L - l)Lll£ll-'5-iand Xg {O) = 
(cf. Lemma [1]). □ 

Remark 6. Let k be a field of characteristic p > 0. Let Y he an algebraic curve 
defined over k. Let Opy be the local ring of Y at the point P, and Op,Y its 
completion. Then J = {Gm)'^^^ x Y , where Y is a subgroup of a product of groups 
of Witt vectors of finite length. Lf p > Ci, for i — 1, . . . , d, where c = (ci, . . . , Cd) is 
the conductor of the semigroup of Opy, then J ^ [Gnif ^ x iGa) '^^^ (cf- |23[ 
Proposition 9, Chapter V, Sections 16 ]). We can attach to Opy a zeta function 
Z ^Ti, . . . , Td^ Opy^ defined as before. All the results presented so far are valid in 
this context, in particular Proposition [H 
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6. Rationality of Z (Ti, . . . , Td, O) 

From now on fc is a field of characteristic p > 0, and O is a totally ratio- 
nal ring as before. The aim of this section is to prove the rationality of the 
zeta function Z{Ti, . . . ,Td, O) and, subsequently, of the generalized Poincare se- 
ries Pg{Ti, . . . ,Td,0) by Lemma m giving also an explicit formula for it. 

We start establishing the notation and preliminary results required in the proof. 

We set Iq :— {1,2,..., d) and for a subset J of /q, 

Hj := {n e 5 I Uj > Cj ^ j e J} , 

where c = (ci, . . . , Cd) is the conductor of S, and also 

Hj{0) := {zeO\v{z)eHj}. 

Note that i/0 (O) = {z e O I w (z,) q - 1, i = 1, . . . , d}, and (O) = T. 
Given m G 'H'^ such that c > tti, i.e., Ci > rrii, for i = 1, . . . ,d, we set 

iJj^m ■— {n E S \ Uj ^ Cj if j G J, and rij = mj if j ^ J} , 

H.irn (O) {z e O I « U) e , 
and for a fixed J satisfying C J C /q , 

5,7 := {m G N*'' \ Hj,,^ 0} . 
Therefore for C J C /q, one gets the following partition for Hj (O): 

(6.1) Hj{0)= U Hj^rn{0). 

meBj 

Lemma 5. With the above notation the following assertions hold: 

(1) Let J = {1, ... ,7"} with 1 ^ r < d and let m G N'' such that c > m. If 
Hj^m 7^ 0, then 

ff c Mrf I ^ fori = l,..., r, and \ ^ 

— [ ' m — mi, for I — r + 1, . . . ,d J 

(2) Hj rn (O) and Hj (O) are cylindric subsets of O. 

Proof (1) Since Hj^rn ^ 0, there exist /(m) := (ei, . . . , e,., m^+i, . . . , m^) G i/j^m 
and z = (zi , . . . , Zrf) G O such that 

{J2k'=e,'^k.ith with Oe.^i 7^ 0, for i = 1, . . . , r; 
Y.k'=n-L,°'k,iti : witham^^i^O, for i = r -I- 1, . . . ,d. 

Since O is a cylindric subset of O defined by the condition A = (see ()2.ip ). that 
involves only the variables Ok^i with ^ k < Ck, k = 1,. . . ,d, it follows that any 
y = (yi , . . . , yd) G (5 of the form 

[ Ylk'=c,<^k,ttt fori = l,...,r; 

I Y^kLm,^k,iti , with a„i,,i 7^ 0, for i = r -I- 1, . . . ,0?, 
belongs to O, and therefore 

f c f^d , ^ Ci, for i 1, . . . , r, and 1 
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(2) Since Hj (O) is a finite disjoint union of subsets of the form Hj^m{0), it 
is sufficient to sliow tliat Hj „i [O] is a cylindric subset of O. On tlie other hand, 

since i?j,m (C) = O fl |z e C | w (z) G iJ./.m | and O is a cylindric subset of O, it 
is enough to show that y_{z) G -ffj.m is a constructible condition in J^, for some 
I € N''. Let I — (ci, . . . , c,., m^+i + 1, . . . , jti^^ + 1), and let z_ — {zi, . . . , zj,) E O 
with Zi — J2'kLo'^k,iti , for I = 1, . . . ,d. Since 

= 0, fc = 0, . . . ,mi - 1; 



Vi {Zi 



m,i ^ 




and 



(zi) ;^ Cj <^ { flfe^i = 0, fc = 0, . . . , - 1, 



thus V (z) G i?,7,m is a constructible condition in J' 



o 



□ 



Remark 7. Let J — {1, . . . , r} mt/i 1 ^ r < d and let rnEN'^ such that c> m. If 

, with fj{rn) = (ci, . . . ,Cr,mr+i, ■ ■ .^md), for any 



Hj^rn + 0, then [Jfcj 

T/ie remark follows from the following observation. With the notation used in 
the proof of Lemma the following conditions are equivalent: 

Gk (/) = _fc e Hj^rn t-fiv e O, for any ve O"" , ke i/j,™ 
^ tMm.)^y £ for anyvEO"". 

In the proof of the last equivalence we use the same reasoning as that used in the 
proof of Lemma 

Lemma 6. Let J he a non-empty and proper subset of Iq, such that Hj^m (O) ^ 0. 
Then 



ff.7,™(0) 



fjim.) 



n (l-L-iT.) 

i=l 



where fj{rn) — (ci, . . . , Cr, rur+i, . . . , m^) G S , with rrii < Ci, r + 1 ^ i < d. 

Proof. Without loss of generality we assume that J — {1, ... ,r}, with 1 ^ r < d. 
With this notation, by using Hj^m (O) 7^ and Lemma [5] (1), we have 



Hi ^ Ci, for i = 1 , 
n 

Now, by using Lemma [3] and Remark [7] we have 



. , r, and 



rrii , for i — r -\- 1, 



'-fAnD 



'-fjim) 



n (i-L-iro 

1=1 

where fj{rn) = (ci, . . . ,Cr,mr+i, . . . ,md) G 5, with < r + 1 ^ i < d. 



□ 
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Theorem 1. Let k be a field of characteristic p > 0, and O a totally rational ring 
as before. Then (1) 

Z{Ti,...,Td,0)= E [zJL-'I^"T^ 
< n < c 



0C,/C7o meBj 



[J] L- 



n (1 - L-iT,) 

i=l 



n (i-L-^T^o 

i=l 



where fj{rn) — (ci, . . . , Crj, Wr-j+i, . . . , mcj) g S", wf/i < C;, rj + 1 ^ i < d, and 
1 rj~ d. 
(2) 

7(T T n\ M(T,,...,Ta,0) 
z (ii, . . . , id,U) ^ — 2 

n (i-L-^r,) 

i=l 

where M (Ti, . . . , Td, O) is a polynomial in Mk [Ti, ■ • ■ , Td\ of degree at most \\c\\ 
that satisfies Af (L, . . . , L, O) = [J]. 

Proof Since Z {Ti, . . . ,Td,0) = [tt^-i {O'')] lH^^" Jc,T^^^''dxg (cf. Corollary [T] 
(2)) and O — UjcigHj (O) is a disjoint union of cylindric subsets (cf. Lemma [5] 
(2)), Z (Ti, . . . , Td, O) is equal to a finite sum of integrals of type 

Zff,(Ti,...,Td,0) := K_i "'lII^II / T^^^^xa- 

HjiO) 

In the case in which J = 

Zh, {Ti,...,Td,0)^ E [In\ L-II^'It^ eMk[Ti,..., Td] , 

0<n<c 

and the degree of Zh^ {Ti, . . . , Td, O) is less than or equal to ||c|| — d. 
In the case J = Jq, by using Lemma [2l we have 

Zh,^ {T,,...,Td,0) = [J] L^llsll ^ — . 

n (1-L-iT,) 

In the case in which C J C /g, we use the fact that Hj (O) is a finite disjoint 
union of cylindric sets of the form H,jj_n [O] (cf. (|6.ip ) to reduce the problem to 
the computation of the following integral: 



n (i-L-^T^o 

1=1 
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(cf. Lemma E]), where f.j{m) — (ci, . . . , Cr,, mr,+i, . . . , md) € S, with to; < Ci, 
rj + 1 ^ i < d, and 1 ^ rj < d. Now the announced exphcit formula follows 
from the previous discussion, and the second part of the theorem is a straight 
consequence of it. □ 

Corollary 2. The zeta function Z (T, O) is a rational function of the form 

Z(T O- ^(^'^^ 

(l-L-iT)''' 

where R{T,0) is a polynomial in A4k[T] of degree at most \\c\\ that satisfies 
R(h, O) = [J]. 

Corollary 3. The generalized Poincare series is a rational function of the form 

QiT,,...,Td,0) 



PgiTi,...,Td,0) 



i=l 



where Q (Ti, . . . , T^, O) is a polynomial in M.k [?i, • . . , Id] of degree at most ||c|| 
that satisfies Q (L, . . . , L, O) = l.-^-^ [J]. 

Definition 7. Let k he a field of characteristic p > 0. Let O = Op^y , where Y is 
an algebraic curve over k, and P is a singular point of Y . We say that k is big 
enough for Y , if for every singular point P in Y the following two conditions hold: 
1) O is totally rational and 2) J = (Gm)'^ ^ x (Ga)* 

Note that by Remark [6l the condition 'fc is big enough for Y' is fulfilled when p 
is big enough. 

Corollary 4. Let k be a field of characteristic p > 0. Let O — Op y where Y is an 
algebraic curve over k, and P is a singular point of Y . If k is big enough for Y, 
then Z (Ti, . . . , Td, O) is completely determined by the semigroup of O. 

Proof. By the explicit formula of Thcorem[Tl Z (Ti , . . . , Trf, O) is a rational function 
in the variables Ti, . . . ,Td, and L, depending on S, [t^c-i (O^)], [J] , and \Tm] for 
||m|| < ||c||. In characteristic zero, S determines uniquely ['I'c-i (O^ )] , [J], [^m] 
for \\rn\\ < \\c\\ (cf. Lemma[T]and Proposition [T]) . If the characteristic is p > 0, the 
hypothesis "fc is big enough for Y" is required to assure that [J'] is determined by 
the semigroup of C □ 

7. Additive Invariants and Specialization of Zeta Functions 

Definition 8. Put k — C Consider a semigroup S C N'^, such that S — S (O) for 
some O = Ox,p where X is an algebraic curve over C, and P is a singular point 
ofX. We set ' 

J„(f/) := (f/-l)-'C/ll^ll+i J2 (-l)*^^^C/-'(^+i^), forneS, 

ICIo 

and 

Z{Ti,...,Td,U,S):= E J„([/)t/-ll^!lT^ 

neS 
< n < c 
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'T'f 7(221) 

+ E E (c/-i);7ii^ii-*-iz^(„)(t/)[/-ii2ii-ll^i(^)ll^^ — = 

0CJC7O meBj n (1 - U-^T,) 

i=l 

+ {u- if-^ c/^-''+i[/-iy _ — H , 

n (1 - c/"ir.) 

2=1 

where fj{rn) = (ci, . . . , Crj, nirj+i, . . . , rrid) £ S, with irii < Ci, rj + 1 ^ i < d, 
and 1 ^ rj < d are as in the explicit formula given in Theorem (1), and U is an 
indeterminate. We call Z (Ti, . . . , T^j, U, S) the universal zeta function associated 
to S. 

By definition Z {Ti, . . . , Td, U, S) is completely determined by S. 
Lemma 7. Assume that k is big enough for Y . If S ~ S (O), then 
Z{Ti,...,Td,0)^Z{Ti,...,Td,U,S) . 

Proof. The result follows from Corollary U) □ 

Remark 8. Let R be a ring. An additive invariant is a map A : Vark ^ R that 
satisfies the same conditions given in the definition of the Grothendieck symbol in 
the category of k- algebraic varieties (see e.g. |19| . |27| j. By construction, the map 
Vark Kq (Vark) : V 1— > [V] is a universal additive invariant, i.e., the composition 
with [■] gives a bijection between the ring morphisms Kq (Vark) — > R and additive 
invariants Vark R. 

In the complex case, the Euler characteristic 

x{X) = Y..^{-^r rank {Hl{X {£),€)) 

gives rise to an additive invariant x ■ Varc Z. Since x {-^c) = the Euler char- 
acteristic extends to a morphism A4c —>■ Z. Then by specializing [■] to x (•) in Ii5.1]) 
and h5.^) we obtain two 'topological zeta functions' , denoted by x {Z (Ti, . . . ,Td,0)) 
and x{Z (T,0)). From a computational point of view, these specializations are ob- 
tained by replacing L, by 1 in the corresponding expressions. 

Remark 9. Let (^,0) C (C^,0) be a reduced plane curve singularity defined by an 
equation f — 0, with f S O(c2,o) reduced. Let hf : Vf Vf be the monodromy 
transformation of the singularity f acting on its Milnor fiber Vf (see [I ). The zeta 
function ofhf (also called zeta function of the monodromy) is defined to be 



(r) := n [det (id - T . [hf), |h,(v,;C))] ^ 

i>0 



The following theorem is due to Campillo, Delgado and Gusein-Zade (jU Theo- 
rem 1]): 

Theorem 2. [Campillo-Delgado-Gusein-Zade] Put fc = C. Then for any O — 
O(c2,o)/ (/); / G C(C2,o) reduced, and for any S — S{0), we have 

'^f (T) ^Z{Tl,...,Td,U,S)\ rj.^ ^ _ ^ J,^ ^ rj. 

f/ = 1 
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Proof. As a consequence of the results of Campillo, Delgado, and Gusein-Zade (see 
[5], IS], [I]) and LemmalU we have x (Z (T, O)) = <;/ (T), the zeta function of the 
monodromy t^f (T) associated to the germ of function / : (C^, O) (C, 0). By the 
previous remark and Lemma [3 we have 

X{Z{T,0))^Z{T,0) |L^i=Z(Ti,...,Td,C/,^) | ^ ^ ^ ^ ^ ^ 

U ^1 

□ 

Remark 10. In |29j the second author introduced a Dirichlet series Z{Csl{Y),T) 
associated to the effective Cartier divisors on an algebraic curve defined over a finite 
field k = ¥q. This zeta function admits an Euler product of the form 

Z(Ca(r),r)= n ^Ca(F)(T,g,Op,y), 
Pex 

with 

^Ca(y)(T,g,Op,y) :=Zca(y) (T,Op,y)= E r<i"°'=(o--//)^ 

ICOy,p 

where I runs through all the principal ideals of Opy . The notation used here for the 
local factors of Z(Ca{Y),T) is a slightly different to that used in |29] . In addition, 
Zca{Y){T,Op,Y) = Zca(y) (2^7 Op^y), where Op_Y is the completion of Op^y with 
respect to the topology induced by its maximal ideal. If Op,Y is totally rational, 
then Zca(y) (2^7 Op^y) is completely determined by the semigroup of Op^y (cf [29[ 
Lemma 5.4 and Theorem 5.5]). 

Remark 11. In the category of ¥q- algebraic varieties, [■] specializes to the counting 
rational points additive invariant # (•)• In addition, for a cylindric subset X C PC 
such that X — ir^^iY) for a constructible subset Y o/PJ^, the only way to define 
the generalized Euler characteristic Xgi^) of X is by specializing [■] to the counting 
map fl= (■) that gives the number of ¥ q-rational points of a variety, i.e., 

x,(x) = #(y).g-ii^+iii, 

see e.g. [Ill . We denote by ^ {Z [Ti, . . . ,Td,0)) the rational function obtained by 
specializing [■] to # (•). From a computational point of view, # {Z (Ti, . . . , T^, O)) 
is obtained from Z [Ti, . . . , T^, O) by replacing h by q. 

Theorem 3. Let k = ¥q and let Z (Ti, . . . ,Td,U, S) be the universal zeta function 
for S. Let Y be an algebraic curve defined over k, and let Opy be the completion 
of the local ring ofY at a singular point P. Assume that k is big enough for Y and 

that S = S (dp^yy 

(1) For any O — O(c2,o)/ (/); / ^ ^(C^.o) reduced, and S = S{0), 
Zc.{Y) {q-^T,q,dp.y) = # (Ti, . . . , T<i, 6p,y)) 

= Z {Ti, . . . ,Td,U,S) \ j^^ ^ =Td = T 
U = q 

In particular ZQ^{y^ (^q^^T,q,Op,y^ depends only on S. In addition, and if Op^y 
is plane, then ^ca(i') (q^^T, q, Op y^ is a complete invariant of the equisingularity 
class of Op^y. 
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(2) For any O = O(c2,o)/ (/), with f e O(c2,o), and S = S (O), 

Proof. 1) Let I = (zi, . . . , zj_) Opy ^ Op.y be a principal ideal with 

n = {vi (zi) , . . . (zd)) . 

Since dim/j ^Op.y //^ = ||n|| , and the number of ideals with 'codiniension n' is finite 
-this number is denoted as # (in)-, we have 

(7.1) ^Ca(y)(<Z-'r,q,6p,y) = ^ 

ii.e5(Op.i') 

On the other hand, by specializing [•] to # (•) and by using the formula for [!„] 
given in Proposition \T\ we obtain the explicit formula given for # in |291 
Lemma 5.4 ], hence 

^Ca(y) [<l^^T,q,dp,Y'j =H^{z {Ti, . . .,Td,dp^Y^^ 



T, = T 



= Z[T,...,T,Op,y) k^q 
= Z(Ti,...,Trf,{/,5) \ T^^^ 
U = q 

where in the last equality we used Lemma [71 

2) From the first part and by using Theorem [51 we have 

Zca{Y) {<l^^T,q,dp^Y^ \q^i= Z {Ti, . . . ,Td,U, S) \ ^ ^Td^T 

[/ = 1 



□ 



8. Functional Equations 

In this section A: is a field of characteristic p > 0, and O is a Gorenstein and totally 
rational ring. Let S = S{0). We give functional equations for Z{Ti, . . . , Td, O), 
Z{Ti, . . . ,Td,U, S) and for other Poincare series. 

Recall that for any n G Z*^, we have l{n) ~ dinife (C'/J„(C')), with J„ = {z G 
O I w(z) > n} (cf. Section [5]). In addition we have: 

(8.1) l{n) = l{n - e^) + diiUfe (j„_e,(0)/J„(e))) for all n E Z'^. 

The following result can be found in jjl Theorem (3.6)]: 

Lemma 8 (Campillo-Dclgado-Kiyek). For any n e Z'' and any z G {1, . . . ,d} we 

have 

dimfc (j„(0)/J„+,_(0)) +dimfc (Jc-„-e.(0)/./c-„(0)) = 1. 
The following result will be used in the proof of the functional equation: 
Lemma 9. 

'(c ~n) - ^ S - \\n\\, 71 G Z"^. 
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Proof. We use induction on ||rn|| '■— X^iLi l^iL where m = (toi, . . . , m^) G Z''. For 
||to|| = we have m = 0- In this case /(O) = and l{c) — S, and the result is true. 
Assume, as induction hypothesis, that the resuh is true for every m e Z"^ with 
||to|| < k for some fc > 1. From the induction hypothesis, we have the foUowing 
two formulas: (i) if < \\m\\ < k and m.; > 1 for some i G {1, . . . ,d}, then for 

(8.2) lie ~{m~ ej) - l{m- e,) = 5 - \\m- e^\\. 

(ii) If < ||m|| < k and to^ < 0, then for some i G {!,..., d}, m.i < 0. Then for 
m. + e^, 

(8.3) l(c- (m + ej) - Z(m + ej) = 5 - ||m + ej||. 

We now verify the validity of the result for ||27i|| = fc + 1. If > 1 for some 
i G {1, . . . , d}, by applying jHH]) 

l{c-m) - l{rn} = l{c- m) ~ l{m- e^) - dimt {Jm-e^ (O)/ Jm(0)) , 

we now use Lemma [8] and (|8.ip to get 

l{c - m) - lim) = l{c - m) - l{m - ej - (l - dimfe {Jc-m,{0)/ Jc-m+e.{0))) 

= Kq -m) + dimfc { Jc-Tn{0)/ Jc-m+e^ (C)) - - - 1 
= Z(c - (m - ej) - ;(to - e^) - 1. 

Finally, by applying induction hypothesis (|8.2p we get 

Z(c — m) — l(m) ~ 5 — ||m||. 

In the case in which < 0, for some i G {1, . . . , d}, we apply the previous 
reasoning and induction hypothesis (j8.3p to get 

Z(c — m) — Km) ~ 5 — ||m||. 

□ 



Remark 12. M^e note t/iai In = ^ whenever n^S, thus, [ln\ = if S. We 
can write Z(Ti, . . . , Td, O) as follows: 

Theorem 4. Let O be a Gorenstein and totally rational ring. Assume that J = 
{G,nf-' X (Ga)'"'+\ then 

(1) Z(Lri, . . . ,Lrd,0) = L^-'' • T^-i • . ^(r-i^ . . . ,T,-\0); 

11^=1 (^j ~ 1) 



(2) Z{UTi, UTd, U, S) = U^-'' ■ T 



nti(i 



UTA 



Z(Tf 



,r,-Sc/,5). 
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Proof. (1) We first note that 



[](T, - 1) Z (LTi, . . . , LTrf, O) - n(^' - 1) E [^J 

\i=l / \i=l ) neZ"^ 



E E(-i)'"*^[^J^-''--' 



where /q = {1, 2, . . . , d} and for J C /q, l_j is the element of whose i-th compo- 
nent is equal to 1 or 0, accordingly if z G J, or iii ^ respectively. If zi — Ij ^ S, 
then [in-i,] = 0; iin — ]_j E S, then by applying Proposition [1] 



[](T,-1)J Z{hTi,...,hTd,0) 

Vi=l / 



Taking into account that O is Gorenstein, i.e. ||c|| = 25, and applying Lemma [51 

Kr + Ii-1.j) = l|2i+ 1/ -Ijll +^(c - n- 1/ + 1,/) - S, 
and (nti(T» - 1)) Z i^Ti, . . . ,LTd, O) becomes 



rieZ'' JC/q /C/q 



_ ^ ^ ^ (_l)d-#./+#/L-<5+l|n|lLl|c-«-l,|l--Uc-n-l^ + l_,)2n„ 
"'^ riGZ"* -fC/o JC7o 



rigZ-i / C/o y ,7C/o 



1 1 - ( (c— n— + ]_ J ) j jin 



ICIo 
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= E E(-i)'"*'fe--i.]iL^""-"^"^^ 

„gZ<i /C/o 

= L^T^ (U ((LT,)-' " ^) ) E [^Hi] (ILT^i)"™' ■ ■ ■ ■ • i^Td)-"'- 

\'i=l / meZ'' 

= L^-dyc-i I^Jl _ Lr,0^ Z (Tf 1, . . . , T-i, O) . 

(2) The functional equation for Z{Ti, . . . ,Td,U, S) follows from the first part by 
Definition [8] and Theorem [TJ □ 

It is worth mentioning that, since we have not shown that 

E„ez<<^^ [/-lliillT^ = 2(Ti, . . . , T,, U, S), 

it is necessary to show first the functional equation for Z (Ti, . . . , Td, O). 

Corollary 5. // Jlti (l - 1^"'^,) Z {Ti, . . . ,Td, O) ^ M {Ti, . . . , Td, O), with 

0<i<c 

then (1 ) M (LTi , . . . , LT^, O) = L^T^ {T^\ . . . ,T-\0) . (2) a,_^ a^-jJ- H^" , 
for < i < c. In particular, Oc = L^"^, since oq ~ 1, and then the degree of 
M{T^,.~,Td,0) is\\c\\. 

Remark 13. (1) By specialization several functional equations can he obtained, 
among them, 

z{hT, o) = L*-'^ • rii^-iii • ( y ) • z{T-\ O). 

(2) By Lemma ^ one also obtains the functional equations for the generalized 
Poincare series (see also |20', Theorem 5.4.3]j; 

Pg (LTi, . . . , LTd, O) = L*'-'' • T^-i • ^f^]^^'l ■ Pa {T^\ ■■■.Td\0). 

\\.i=l\Pi 1) 

(3) Let O — ©(£2,0)/ where f £ O(c2,o) reduced. Then 

,f{T) = {-lfT\\^--^\\-,f{T-^). 
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9. Examples 



9.1. Example. Set O = C{{x, y}}/ {x^ - y^) and O 



C{{t}}, then 



and 



O = 



O 



{E,=o««^' e O I ai = o} = C + t'Cfti}}, 
={E"o«»*'G<5|ao7^0,ai-0}. 



The semigroup of values is the set {0} U {rt G N | rt ^ 2}, and (O^)] = 

[C^ X {point}] = L — 1. The group J is isomorphic to {1 + 6i | 6 € C}, where the 
product is defined as (1 + hot) (1 + hit) = 1 + (5o + bi)t, and the identity is 1. We 
now compute the zeta function of Z {T, O). We first note that [Xq] = [{point}] — 1. 
To compute [Xk] for fc ^ 2, we fix a set of polynomial representatives {/i} of 
in O. If / = zO, v{z) = k, then z ^ t'' {1 + bt) v, with 1 + bt € J a,nd v G C . 
The correspondence z 1 + bt gives a bijection between Xk and J^, for fc ^ 2, 
therefore [Xk] ^ L, for k ^ 2, and Z (T, O) = '^'^''jtl''''^^ . Note that each / in 
Xk corresponds to a e J" such that t'^^ e O. 

By specializing [•] to the Euler characteristic x('); "^"3 obtain x{Z {T,0)) = 
^"^JjF = (;f (T). By applying a theorem of A'Campo (see [T]) it is possible to 
verify that x {Z {T, O)) is the zeta function of the monodromy at the origin of the 
mapping / : ^ C, where / {x, y) = — y^ . 

Let Vq be a finite field with q elements. Let us consider the local ring A — 
Fg|x, y]/ {x? — y^) which is totally rational over Fg. Observe that 8 —\ and J = 
(F„+,0). By specializing [•] to #{•), we get #{Z{T,0)) = Z{q-^T,A), where 
Z (T, A) = ^'f+j^'' is the local factor of the zeta function Z (Ca (X) , T) at the 
origin, here X is the projective curve over Fg defined hy J [x,y) — x^—y^ £ ¥g [x, y] . 
Note that lim^^i Z (T^A) ^ (T), see [13 Example 5.6]. 



9.2. Example. Set O ^ C{{x, y}}/ {y^ - + x^) and O ^ C{{ti}} xC{{i2}}, then 



Therefore [J] = (L - 1)L, and [Zj = [J], for n ^ (2,2). To compute we 
use the fact that each / in 1(1,1) corresponds to a point of /i = (a + bti, 1) £ J such 
that (^1,^2) 1^ £ O, thus we have to determine all the a G and 6 G C such that 




where the product is defined as 



(flo + 60*1, 1) (ai + biti, 1) = (aofli + (ao6i + aibo) ti, 1) . 



(ti,t2) (a + 5ti,l) = {ati+btl,t2) G O 
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(here the product is m O and not m J)^ then a = 1, 6 € C and thus [l(i,i)] — L, 
and Z (Ti , , O) is equal to 

(i-L-iri)(i-L-iT2) ■ 

By speciahzing [•] to x(-) we have xiZ^T^O)) = 1 + = (T), that are 
the Alexander polynomial and the zeta function of the monodromy of the germ of 
mapping / : ^ C : {x,y) ^ y'^ — x'^ + at the origin. 

Set A = ¥glx,yj/ {y^ -x'^ + x^). Observe that (5 = 2 and J ^ ((Fg)^,-) x 
(F,,+,0). By specializing [•] to #(•), we obtain the equality #{Z{T,0)) = 
Z{q-^T,A), where Z{T,A) = ^-^T+{q+irf'-2qT^ Wt^ ^j^e local factor of the 
zeta function Z (Ca {X) , T) at the origin, here X the projective curve over 
defined by / {x, y) = y'^ - x* + x^ e¥g [x, y]. Note that lim^^i Z (T, A) = <r/ (T). 

9.3. Example. Set 0= C{{t^ ,^^,1^}} a.nd O = C{{ti}}. The embedding dimension 
of O is three. The group J" is isomorphic to {l + at + bt'^ \ a,b G C}, where the 
product is defined as 

(l + aot + bot'^) (l + ait + bit^) = 1 + (oq + ai) i + (6o + 5i + aooi) t^. 

The zeta function of this ring is Z{T,0) = ^"'^i^l-^V , and x{Z{T,0)) = 
■ This rational function should be 'the monodromy zeta function of O,' but 
this cannot be explained from the point of view of A'Campo paper |1J . It seems 
that the connection between x (T, O)) and the "topology of O" is not completely 
understood. 
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